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Single walled carbon nanotube’s cross section can be flattened under hydrostatic pressure. One
example is the cross section of a single walled carbon nanotube successively deforms from the
original round shape to oval shape, then to peanut-like shape. At the transition point of reversible
deformation between convex shape and concave shape, the side wall of nanotube is flattest. This
flattest tube has many attractive properties. In the present work, an approximate approach is
developed to determine the equilibrium shape of this unstrained flattest tube and the curvature
distribution of this tube. Our results are in good agreement with recent numerical results, and can
be applied to the study of pressure controlled electric properties of single walled carbon nanotubes.
The present method can also be used to study other deformed inorganic and organic tube-like
structures.
PACS numbers: 02.40.Hw,73.63.Fg, 81.40.Lm
Carbon nanotubes (CNTs) have extraordinary me-
chanical properties due to strong carbon-carbon atomic
interactions in their honeycomb lattices. [1] CNTs’ high
elastic modulus, exceptional axial stiffness, and low
density, make them ideal for nanotechnology applica-
tions. [2]. CNTs’ mechanical properties are highly
anisotropic, and have been studied extensively, e.g.
Ref. [3, 4] and the references therein. In contrast to
the high tensile strength [5], CNTs are susceptible to
mechanical distortion in their radial directions under ap-
plied hydrostatic pressure on the scale of several GPa. [6–
17]. The radial deformation controlled by the applied
pressure provides an approach to modify the electronic
properties of SWCNTs [18], consequently, radial defor-
mation of SWCNTs can be observed by optical spec-
troscopy since the electronic band structure of a SWCNT
is sensitive to its morphological transition [4, 19]. In addi-
tion, a SWCNT’s chemical reactivity depends on its me-
chanical deformations [20–22], which plays the key role
in the design of CNT-based gas sensors. [23].
Among the radially deformed SWCNTs, the fully col-
lapsed structure with two strained edges bridged by a
flat middle section [24–27] attracts intense interest be-
cause of its physical and chemical properties [28–30] as-
sociated with its flat ribbon-like middle part [30]. How-
ever, the fully collapsed SWCNTs are stabilized by van
der Walls (vdW) interaction between two opposing flat
walls (with typical interlayer distance d0 ≈ 3.4 A˚), leads
to irreversible collapsing. The vdW interaction may also
induces twist and bending of the flat section in a fully
collapsed SWCNT. Moreover, the edge section of a col-
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lapsed SWCNT is highly strained. As it is widely known,
with the increase of hydrostatic pressure, a cylindri-
cal SWCNT at first becomes oval-shaped, then becomes
peanut-shaped. [15] Between these two shapes, there ex-
ists a critical shape under certain pressure which is the
unstrained flattest configuration of SWCNTs. The radial
deformed SWCNT under the applied hydrostatic pres-
sure with a flat section similar to that of fully collapsed
SWCNTs have advantages over fully-collapsed ones: 1)
it can be shifted back to the state with a circular cross
section reversibly; 2) there is no twist in flat section since
vdW interaction can be neglected; 3) there is no strain in
the two edges, therefore avoids the strain-induced change
of electronic band structure.
In the present manuscript, we will theoretically de-
termine the shapes of the unstrain flattest SWCNTs.
Although the problem has been studied by molecular
dynamical simulations and numerical calculations, [15]
there still lack the analytical explicit expressions which
can provide a design principle for CNT-based devices.
We will accomplish this task by carefully studying the
transition of the SWCNT deforming from a convex shape
to concave shape, give an analytical expression of the crit-
ical shape for an unstrained flattest tube. Based on this
analytical expression, we can calculate critical pressure
for the unstrained flattest SWCNTs, as well as the orbital
hybridization of carbon atoms. The latter is important
for studying the absorption of molecules on SWCNTs.
The equilibrium shape of deformed SWCNTs is de-
termined by the minimization of free energy under cer-
tain constraints. In the present problem, the free en-
ergy contains the elastic energy and the pressure term,
Fb = Eb−p∆V . Although both bond bending and bond
stretching contribute to the elastic energy of SWCNTs,
at the energy scale ∆p ·V0 ∼ 1eV ≈ kc, (kc is the bending
2modulus of SWCNTs [31, 32]), only the bond bending ef-
fect matters. [33] The bond-bending energy of a SWCNT
can be described by its curvatures [24, 33],
Eb =
kc
2
∮
(2H)2 dA+ k¯
∮
K dA, (1)
Here H and K are the mean curvature and Gaussian
curvature of the surfaces of carbon atoms, and kc =
1.17 eV [33] is consistent with the result of Tersoff ie et
al. [31]. The expression of free energy can be mapped
to a 2D one. Consider a straight SWCNT with ra-
dius ρ(φ), without the inclusion of its two end-caps, the
surface of the tube can be described in cylindrical co-
ordinates as, ~r(φ, l) = ρ(φ) cosφ, ρ(φ) sinφ, l. Here,
0 < φ < 2π, and 0 < L < L0, with L0 the length of
straight tube axis. The surface’s mean and Gaussian cur-
vature are 2H = − (ρ2 + 2ρ′2 − ρρ′′) (ρ2 + ρ′2)3/2 , K =
0. Comparing with the relative curvature kr =
| (ρ2 + 2ρ′2 − ρρ′′) |/ (ρ2 + ρ′2)3/2 of a plane curve ρ =
ρ(φ), the bending energy can be rewritten as Eb =
kcL0/2
∮
k2rds, where s the arc parameter of bound-
ary curve C : ρ(φ), and line element ds =[
ρ2 + (dρ/dφ)
2
]1/2
dφ.
The equilibrium shape of a deformed SWCNT is the
solution of the 2D variation problem δ(1)F = 0, δ(2)F >
0, with
F =
kc
2
∮
k2r (s)ds+ p
∫
dA+ λ
[
l0 −
∮
ds
]
(2)
where, λ is the Lagrange multiplier, which is introduced
to keep the circumference of tube at constant l0. Dis-
torting the curve C by a small perturbation ψ(s) along
the normal direction of the curve, the variations in δ(1)F
are,
δ(1)
∮
ds = −
∮
ds k(s)ψ(s),
δ(1)
∮
ds k2(s) =
∮
ds
[
k3(s) + 2k′′(s)
]
ψ(s), (3)
δ(1)
∮
dA =
∮
ds ψ(s).
Then, equation of the equilibrium shape of SWCNTs can
be obtained,
p +
kc
2
kr(s)
3 + kck
′′
r (s) + λkr(s) = 0. (4)
Obviously, there is a special solution corresponding to a
circular cross-sectional tube, kr = 1/ρ0, which implies
the necessary condition for maintaining SWCNT’s circu-
lar cross section. The initial equation of Eq. (4),
p kr +
kc
8
k 4r +
kc
2
(k′r)
2
+
λ
2
k2r = c1, (5)
leads to the equation of kr,
k′r = ±
√
c2 + αkr − β k 4r + γk2r , (6)
with α ≡ −2p/kc, β = 1/4, γ ≡ −λ/kc.
Under hydrostatic pressure, the circular cross-sectional
tube can deform to a convex structure with lower sym-
metry Cnv. With the increase of pressure, the curvature
changes continually from kr > 0 (convex shape) to kr < 0
(concave shape). A critical shape for the transition from
convex to concave satisfies kr ≥ 0, with the minimal cur-
vature being exactly zero, kr,min = 0. The critical shape
is the flattest shape for unstrained SWCNTs. In par-
ticular, for the deformed SWCNT with C2v symmetry,
the convex shape is ”oval” shape, and concave shape is
”peanut-like” shape, as shown in Fig. 1. Equation (6)
can be solved numerically by iteration [15]. Exploiting
the symmetry of deformed shape, only the first quarter of
curve C is necessary to be considered, as shown in Fig. 2.
For convenience, the length of curve C is re-scaled to 2π.
kr(s = π/2) = 0 and the fixed circumference l0 = 2π
provide a constraint,
π
2
=
∫ 0
kr,max
dkr√
c2 + αkr − β k 4r + γk2r
, (7)
FIG. 1: Illustration of shape transitions for a cross section
of SWCNT with C2v symmetry. The critical shape for the
transition from the oval shape to the peanut-like shape is the
unstrained flattest shape of SWCNT.
The direction of tangential line changes from θ = π/2
to θ = 0, as the arc parameter s changes from 0 to π/2,
y
x
φ
θ
C
0
FIG. 2: Sketch illustrate of the first quarter of the deformed
cross section of a SWCNT with C2v symmetry. The θ is
the angle between x-axis and the direction of the curve C’s
tangential line. The φ is the polar angle.
3which provides another independent equation,
− π
2
=
∫ 0
kr,max
krdkr√
c2 + αkr − β k 4r + γk2r
. (8)
Equations (7) and (8) can be calculated self-consistently.
Here, we have already used relation dθ = krds in the
derivate of Eq. (8). In principle, the flattest shape with
high order symmetries (Cnv, n ≥ 3 ) can be obtained
similarly.
In the application of deformed SWCNT related de-
vices, such as a gas sensor, it is necessary to derive an
explicit expression of the critical pressure for the flat-
test shape, in order to obtain the design rule for working
parameters. In this manuscript, we will give an approxi-
mate analytical solution of Eqs. (7) and (8).
As known from the exact numerical solution of kr, c0
is very small, and γ = 0 is a good initial guess for self-
consistent solution of shape equation Eq. (7) and (8). It
is natural to get an approximate solution with γ = 0,
then compare it with the numerical solution to check the
consistency. For γ = 0, kr,min = 0, Eq. (6) implies c2 = 0,
it can be reduced to
dkr√
αkr − β k4r
= ds =
1
kr
dθ, (9)
with the additional necessary condition of equilibrium
critical shape: kr reaches its maximum at θ = π/2, and
its minimum at θ = π/2+π/n. Thus, we have, kr, n(θ) =
(4α)(1/3) sin2/3 [3 (θ + c1(n)) /4] and c1(n)(θ) = 5π/6 −
π/n. The constant length of curve C, l0 = 2π requires
l0
2n
=
πρ0
n
= (4α)(−1/3)
∫ pi/2+pi/n
pi/2
k−1r, n(θ) dθ =
c2(n)
(4α)(1/3)
.
(10)
The constants c2(n) can be derived as,
c2(n) =
4
√
πΓ
(
7
6
)
Γ
(
2
3
) −4
3
[
2F1
(
1
2
,
5
6
,
3
2
, cos2
3π
4n
)
cos
(
3π
4n
)]
.
Here, 2F1(a, b, c, z) is the hypergeometric function [34].
Some constants c2(n) for a unstrained flattest tube with
Cnv symmetries are listed in Table. I. The curvature
TABLE I: The c2 values for the approximate solution of a
unstrained flattest SWCNT whose cross section has Cnv sym-
metry.
n 2 3 4 5 6 7 8 9 10
c2 4.324 3.728 3.372 3.124 2.936 2.788 2.665 2.562 2.473
kr(n), n ≥ 2 has the form of
kr, n(θ) =
(
n c2(n)
πρ0
)
sin2/3
[
3
4
(
θ +
5π
6
− π
n
)]
. (11)
In particular, c2(2) = 4.3244, predicts the critical shape
for the transition from oval-shaped tube to peanut-like
shape.
FIG. 3: *
Comparison of the explicit solution and exact solution of
deformed SWCNTs’ at critical flat shape with C2v
symmetry. Solid line curve is the present explicit
approximate solution of shape equation, dash-dot line curve
is the exact numerical solution, and dashed line is
unperturbed circular shape of a SWCNT.
The equilibrium shape of the unstrained flattest
SWNCTs with C2v symmetry can be described by para-
metric equations,


x2(θ) =
2piρ0
c2
sin
(
θ
4 +
pi
4
)
sin1/3
(
3θ
4 +
pi
4
)
,
y2(θ) =
2piρ0
c2
[
sin2/3( pi8 )√
2
+ sin
(
θ
4 − pi4
)
sin1/3
(
3θ
4 +
pi
4
)]
.
(12)
The area of tube’s cross section is
S2 =
1
2
(
πρ0
c2
)2 ∫ pi
pi/2
sin θ sin (θ/4 + π/4)
sin1/3 (3θ/4 + π/4)
= 2.449ρ20.
(13)
Compare with the undistorted tube, S0 = πρ
2
0 , the ge-
ometric constant is G = S2/S0 = 0.78, which is in good
accordance with the exact value G = 0.8195. [15]
The curvature distribution characterizes the flatness
of the deformed SWCNTs. The curvature distribution
provides useful information of the bond hybridization
of SWCNTs, which governs the ability of absorbing gas
molecules by SWCNTs. We also perform comparative
study of the curvature distribution of our approximate re-
sult and the exact solution, as shown in Fig. 4. The exact
curvature distribution can be calculated self-consistently
according to Eqs. (7) and (8). The hybrid orbital of car-
bon atoms at a SWCNT is sensitive to the local curvature
of the tube. For a SWCNT, in the local coordinate of a
given carbon atom i, the three neighbours of the center
4FIG. 4: Comparative study of the approximate and exact
results of curvature distribution of unstrained SWCNTs at
the transition from oval shape to peanut shape. Here φ is the
polar angle shown in Fig.2. The curvature kr is in unit of
1/ρ0, with ρ0 being the radius of unperturbed circular cross
section of a SWCNT.
atom i have coordinates, [32]
x0j = cos θj − (a0/R)
2
3
sin4 θj cos θj ,
y0j = sin θj +
(a0/R)
2
6
sin3 θj cos(2θj), j = 1, 2, 3,
z0j =
(a0/R)
2
sin2 θj , (14)
with θ1 = θc, θ2 ≈ θc + 2π/3, and θ2 = θc + 4π/3 are
angles between ”bond curves” and the direction of tube
axis, at the position of atom i. [33]. Here, a0 = 1.42A˚
is the equilibrium bond length of carbon-carbon bond,
R is the radius of the SWCNT, a0/R characterizes the
curvature dependent properties of SWCNTs. The dis-
tance between atom i and their three neighbours can be
described as r0ij = 1 − (a0/R)
2
24 sin
4 θj . The ”directions”
(the direction of symmetric axis) for three sp2 orbits can
be written as eˆj = {x0j , x0j , z0j}/r0ij .
In the local coordinate system associated with give car-
bon atom i, in general, the π orbit and three sp2 or-
bits can be decomposed as, |π〉 = c1|2s〉+
√
1− c21 |2pz〉,
and |sp2〉j = c2 |2s〉 +
√
1− c22 (ejk|2pk〉) , k = x, y, z.
with, c1 =
√
6α2
32−3α ≈
√
3
4 α, c2 =
√
32−9α2
3(32−3α2) ≈
1√
3
(
1− 332α2
)
, and α ≡ a0/R. Therefore, |π(α)〉 =√
3
4 α|2s〉 +
(
1− 332α2
) |2pz〉, which plays a key role in
the electronic properties and chemical activities of SWC-
NTs. [20] For graphene, |π(α = 0)〉 = |2pz〉. By adjusting
applied hydrostatic pressure, the |π〉 at the main part of
a SWCNT can be switched between |π(α)〉 and |2pz〉 re-
versibly.
In summary, we have theoretically investigate the un-
strained flattest shape of SWCNT under hydrostatic
pressure, which can recover to its original circular cross-
section after withdrawing the pressure. We find a
good approximate solution for the shape of this flattest
SWCNT, and theoretically determine the curvature dis-
tribution, as well as the curvature-dependent hybrid or-
bitals of the SWCNT. The present results are in good
agreement with the exact numerical solution, and it is
suitable to be used to study the design rule in related
CNT-based nano-electronic devices due to its analyti-
cal form. Our approach can be generalized to investi-
gate other inorganic and organic elastic membrane sys-
tems [35, 36], including the self-assembled polymer ma-
terials and colloidal aggregations. [37, 38]
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